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ABSTRACT. An infinite compact group is necessarily uncountable, by the
Baire category theorem. A compact P,-hypergroup, in which the product of
two points is a probability measure, is much like a compact group, having an
everywhere supported invariant measure, an orthogonal system of characters
which span the continuous functions in the uniform topology, and a multiplica-
tive semigroup of positive-definite functions. It is remarkable that a compact
P,-hypergroup can be countably infinite. In this paper a family of such hyper-
groups, which include the algebra of measures on the p-adic integers which are
invariant under the action of the units (for p = 2, 3, 5, * * *) is presented. This
is an example of the symmetrization technique. It is possible to give a nice
characterization of the Fourier algebra in terms of a bounded-variation condi-
tion, which shows that the usual Banach algebra questions about the Fourier al-
gebra, such as spectral synthesis, and Helson sets have easily determinable an-
swers. Helson sets are finite, each closed set is a set of synthesis, the maximal
ideal space is exactly the underlying hypergroup, and the functions that operate
are exactly the Lip 1 functions.

Introduction. An infinite compact group is necessarily uncountable, by the
Baire category theorem. A compact Pa-hypergroup, in which the product of two
points is a probability measure, is much like a compact group, having an everywhere
supported invariant measure, an orthogonal system of characters which span the
continuous functions in the uniform topology, and a multiplicative semigroup of
positive-definite functions. It is remarkable that a compact Py-hypergroup can be
countably infinite. In this paper we present a family of such hypergroups, which in-
clude the algebra of measures on the p-adic integers which are invariant under the
action of the units (for p =2, 3,5, * * *). This is an example of the symmetrization
technique (see [3]). It is possible to give a nice characterization of the Fourier
algebra in terms of a bounded-variation condition, which shows that exactly the
Lipschitz functions operate in the Fourier algebra.

The first chapter gives the definitions, and construction of the example, a
family of Ps-hypergroups H,, for 0 <a <%, each of which has the topological
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structure of the one-point compactification of the nonnegative integers. The case
H, p, p prime, is the set of equivalence classes of the p-adic integers modulo
the group of units (under multiplication). §5 shows for 0 <a <b <% that
natural homomorphisms exist from H, to H,. §6 shows that both the partial
summation and the Poisson kernels are positive.

In Chapter 2 characterizations of the forward and inverse Fourier transforms
of various L?-spaces are presented. These were developed by R. Spector [5] in
the p-adic case. The reader will note the significant difference between this situ-
ation and the classical Fourier series case.

Finally in Chapter 3 we show that the usual Banach algebra questions about
the Fourier algebra, such as spectral synthesis, and Helson sets have easily deter-
minable answers. Helson sets are finite, each closed set is a set of synthesis, the
maximal ideal space is exactly the underlying hypergroup, and the functions that
operate are exactly the Lip 1 functions.

CHAPTER 1

1. The basic theory of hypergroups has been developed by Dunkl in [1]. A
hypergroup H is a compact space on which the space M(H) of (finite) regular
Borel measures is a commutative Banach algebra under its natural norm, possess-
ing a multiplication (denoted by #), and such that the space M, (H) of probabil-
ity measures is a compact commutative topological (jointly continuous multipli-
cation) semigroup with unit §, (a unit point mass at some e € H) under the
weak-* topology—for example, H a compact commutative topological semigroup
with unit.

For a hypergroup H there exists a continuous map A: H x H — M(H)
defined by A(x, y) = &, * §,, € M,(H). For f € C(H), the space of continuous
functions on H, and x € H define R(x)f € C(H), by

REO) = [ 10, %) (v E€H).

If a hypergroup H possesses an invariant measure m € M,(H), (that is,

SyR(X)fdm = [y fdm, f€ C(H), x € H) and a continuous involution x >
x' (x €H) such that

W [ RONgdm= [ [REEdm (5 € CEH), x € H),
and
eEsptNx, X))  (x €H),

then H is called a *-hypergroup (sptp denotes the minimum closed subset of
H carrying the measure ).
A nonzero function ¢ € C(H) is a character if the following formula holds:
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o) = [ 9% ) &y EH).

Consequences of these definitions are (1) The space H of characters is an orthog-
onal basis for L2(H, dm), and (2) sptm = H,

It is not now known whether a *-hypergroup H has the linear span [H] of
H dense in C(H) (in the sup-norm topology). If a *-hypergroup H has the
further property that HA C coH, the convex hull of H, then H is said to be a
Py-hypergroup; and a fortiori, for compact Ps-hypergroups Hisa topological
basis for C(H).

Examples of compact Ps-hypergroups include compact abelian groups, the
space of conjugacy classes of a compact nonabelian group, and the space of two-
sided cosets in certain homogeneous space, for example in SO(n)/SO(n — 1)

(n =3) (see [1, §4).
In the sequel, H will always be a compact Py-hypergroup.

2. Symmetrization of hypergroups. The method of symmetrization of a Ps-
hypergroup was introduced by the authors in [3]. We will in this paper use this
construction to produce a denumerable compact Py-hypergroup—a striking con-
trast to infinite compact groups.

Given a homeomorphism 7 on a compact Ps-hypergroup H, define 7,:
C(H) — C(H) by 7,f(x) = f(rx), fE C(H), x EH. Let 7 be the (weak-*
continuous) adjoint of 7,—that is,

S fdriu= [ roride (€ CUD, nEMED).
The homeomorphism 7 is called an automorphism if 1: Ax, ¥) = Mrx, 19)
(x, y € H). This implies that, for ¢ €H, ¢ ° 7 €A, and that 7(x)’ = 7(x")
x €H).

Let W be a compact group of automorphisms on the compact Ps-hyper-
group H-the topology on W is the pointwise topology from H and the map
(x, 7) /> 1(x) of H x W—> H is separately continuous.

2.1. DEFINITION. For H a compact Ps-hypergroup and W a compact
group, we define the symmetrization operator ¢, on C(H) by

0,f0) = [ firx)dmyr) (€ CEH), x € H),

where my, denotes the Haar measure on W.

We define the compact space Hy, by identifying the points of H which
are in the same orbit; that is, Hy, = H/~ where x ~y if and only if there exists
7 € W such that 7x = y.

2.2. REMARK. In [3, Theorem 4.5] we showed that the space H,, isa
compact Py-hypergroup, and that the space I?W of characters of Hy, is the
set 0,H viewed as a subspace of C(Hy).
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2.3. EXAMPLES. (1) Let T be the unit circle group {e: 0 <6 < 27},
and let W= {id, 7}, where id(x) =x and 7(x) =X, x €T. Then T}, = [0, 7],
and the symmetrized characters ¢ € f’w are the cosine functions cosmf, 0 €
[0, 7}, m € Z, (the nonnegative integers).

(2) If in Example 2.3(1), we replace [0, #n] by [~1, 1] by the transforma-
tion cosf = x, then [—1, 1] is a Py-hypergroup. Since the Tchebyshev polyno-
mials of the first kind satisfy

T ()T, (») = %T,,(xy = V(1 —x¥) (A - y?)
+ %,y +V/(1 -x)A-»*), xy€[-L,1], mez,

it follows that the hypergroup structure in [—1, 1] is given by

Ax, ») = %8Gy — V(1 —x2)(1 - »?)
+350y +/0 -xHA -yY), xy€E€[-1,1]

where 8(z) denotes the unit point mass at z.

(3) By letting the permutation group on N letters act on the N-fold Car-
tesian product of a two-point hypergroup, one obtains Krawtchouk polynomials
as characters (see [3] for the details).

3. Symmetrization of the p-adic integers. Fix a prime p and let A, de-
note the ring of p-adic integers. Each x € A, has a unique expansion x =
Xg tx;pt---+x,p" +- - where x,-=0,l,---,p-1 for j=0. Let W
denote the group of units, that is, {x € Bpixg F 0}. The norm |- Ip on A,
is defined by 10}, =0, Ix|, = p~* where k= min {j: x; # 0} for x # 0.
Then W= {x: x|, =1} and x = wy for some w € W if and only if bel, =
Iy&,. Thus A, is the union of countably many W-orbits {§:j=0,1, -, *}
where £, = {0} and & = {:: lxlp = p7} for j=0,1,---. The space of
orbits is homeomorphic to Z,, the one-point compactification of Z,, the non-
negative integers.

To preserve the notation from §2, we will use H for A,. The above re-
marks show the following (note that the points of Hj, are the orbits £).

ProposITION 3.1. For H = A, and W the group of units in A, the sym-
metrized Py-hypergroup Hy, is homeomorphic to Z:.

We compute the invariant measure My, which is nothing but the symme-
trization of the Haar measure of A, (see [3, Corollary 3.10]). For convenience
we write my for my_ ({&1),k € Z7.

PROPOSITION 3.2. For 0 <k <, m, = (1/p)*(1 - 1/p) and m,, = 0.
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PROOF. Write my,; for the Haar measure of A,. Then

my = my(Ee) = my et xl, <p~*} —my fe: x|, <p7F1} = pF - pFL,

as claimed. (Note that {Ix|, < p~ 7'} is a subgroup of index p in {lep <
p ¥} and proceed by mductlon) Fmally m, =my({0H=0. O

Recall from Remark 2.2 that Hw = olH the symmetrized characters of
A,. The characters of Hw will be interpreted as functions on Z and the gen-
eral theory [1, Theorem 3.5] shows that they form an orthogonal system rela-
tive to the measure {m,} introduced above. We proceed to the direct calcula-
tion of the characters. Essentially this depends on the method of Gaussian sums
[4, Chapter 20].

DEFINITION 3.3. For each n=1,2,- - - define m,: 4, — Z(p™) by
TX = E]""o ,p’ (modp™). Then m, isa ring homomorphism, which maps W
onto the units in Z(p").

Each additive character of Z(p") is of the form ¢;: x +—> e(xj/p"), j =0
1,--- p" — 1. (We will use the notation e(y) = exp(2miy) in this section.)
Each character of A, is of the form x> ¢,(m,x) some n,j (that is, Zp is the
injective limit of Z(p™), called Z(p™)). To see the action of W on such a char-
acter, note that ¢/(m,(wx)) = ¢,((m,w)(m,x)), thus for a given character, integra-
tion over W can be replaced by a finite sum over the units of Z(p") (some n).

LEMMA 34. Let ¢ € Zp. Choose an integer n so that ¢ corresponds to
some ¢; € Z(p"Y, then the symmetrization of ¢ is given by

-1

0,0(x) = z B0 ,px)

_1__
P -
(where T’ indicates summation over w with the g.cd.(w, p) = 1, that is, a re-
duced residue class system). Clearly o,¢(0) =1.

Each x # 0 can be uniquely written as x = wp™, some wE W, m = 0,
1,---,and o,¢(x) = 0,6(p™), for ¢ € Ap, so it suffices to calculate o, ¢(p™).
Let ¢, denote the trivial character = 1, then 0,¢, = 1. Suppose now ¢ # @,;
then there exist integers n and j such that 1 <j<p" —1 and ¢(x) = ¢y(m,x)
(x €4,). Further m,p™ =0 for m >n, 7,0 = 0, thus 0,¢;(p™) =1 for
m 2= n. Since m,p™ =p™ for 0 <m <n -1 we must evaluate

1 P! -

S wip™ ™ or 0s<m<n-1.
1) X ewip™™")

But j has a unique expression j = p"wl some k with 0 <k<n-1 and w,

a unit in Z(p"). Thus we want Z e(wp™**¥™) for 0<m, k<n-1.

0,6(@™) =
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LEMMA 3.5. For n>1 let F,(2) = 222" (z €C), then

F(2) =2 - 1)EP" - 1)@z - 1) - 1).
If22=1and z#1 then F,(z) = -p" !, and F,(1)=p" '(p-1).

PROOF. Proceed by induction. It suffices to prove the formula for |z| <1
(so z"#1 for m=0,1,2,---). First F{(g) =z+z2+---+2P71 =
2(zP~! = 1)/(z - 1). Further

-1 pn_l n
Foa@=F@+Y ¥ "
k=1 w=1

= Fn(Z) + pil ka”Fn(z) = F”(Z)(an+l _ l)/(zp" _ l)’
k=1

which completes the induction. The special values for zP =1 are easily ob-
tained. O

We return to the main computation. Lemma 3.4 shows that ¢,¢(p™) =
@™ (p - 1)) 'F, (e(p™** ™) (where j = w,p¥), and Lemma 35 gives the
values

1 f m+k=>n,
-1/(p-1) f m+k=n-1,
0 fO<m+k<n-2.

Note that the values depend only on n — k, for each given m. Thus the sym-

metrized characters have been determined, and they are naturally indexed by a

single integer. .
DEFINITION 3.6. For n =0, 1,2, - - define a function x, on Z, by

1, mz=2n or m= o,
Xo(m) ={-1/(p-1), m=n-1,
0, m<n-2.

THEOREM 3.7. The functions {x,:n=0,1,- -} are the characters of
Hy, under the identification of the orbit ¥; with j G=0,1,::,00).

PROOF. The trivial character ¢, =1 symmetrizes (trivially) to x,. If
¢€3p, ¢ # @y, then write ¢(x) = e(jx/p") some n=1,- - and 1 <j<
p" - 1. Put j =p*w, and x =p™w (W, w; EW) then §,¢(x) = X,—x(m),
by the above calculations. Also G,6(0) = X,—x(=2). O

It is easy to compute that Zp_om, Ix, (k)P = (" 1(p - 1))}, for n>1,
and Zp_omy Ix(K)2 = 1.
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Having determined the characters of Hy, we will now find the structural
measures A(m, n), the convolution of 8, with 8,, m, n€ Z,. Since * is the
identity (corresponding to 0 € A,) we see that A(m, ) = §,, for each m €
Z,. The others will be found using the identities x,(m) xk(n) I} wakd)\(m, n)
for k=0,1,2,-

THEOREM 3.8. Let \ beasin §1. Then for m # n,
An, m) = 6(min(n, m)) (,m€EZ,), and

0, t<n,

A@n, n)(t) = %}%, t=n,

1p*, t=n+k>n (ntez).

PROOF. Let n, m € Z, with n <m. Since for all characters x; ({ € Z,)
one has

X = x®xm = [, xdm, m),
it follows that A(n, m) = 8(n).
Now let n € Z, and note that A(n, n)(?) =0 for t <n since 1=
X, (M)x,(n) = [ wa,,a?\(n, n), and so
sptN(m, n) C {€Z,: x, =1}= {{€Z,: 1>n} U {=}.
For notational convenience, let A,, = Mn, n)(m) and so 4,, =0 for m <n.
Since X,41 () Xp41 () = S51 X+ 19N, 1), one has

LN o () g, v -ay= (24, 1
—p 1=p/=" " l—p=n 7

=@-2/p-1).
Let m>n+ 1, then
0 = X, (WX (1) = waxmdx(n, n)

1 m-—1
=1__;Am-l + "kgn Ak ’
m—2

0 =Am—l + (l —p) _(l _p)Am—l - (l _p)kgnAk,

m-—2
PAp_1=@-1) <1 —k§n.4,>.

We compute now (with m =n + 2),
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Apiy ~e-D (1 _p°2> =}1—’.

p p-1
Suppose 4,,,; = (1/p)’; then

p-1 p-2 <1 1\*!
A = - - k) =\ - .
n+l+1 < /) > Q D- 1 k§l pk) <P>

Our next goal will be to compute the multiplication table for the characters
{x;:1=0,1,---}. Observe that x,X,, =X, for n<m. Let n>1 and
write X2 = ZLo¢;x;. Thusfor 1 <I<n,

f,,wxf.dem =Zcff,,wxf><zdm = [, Kdm=cp' o -1y

and for /=0, we have 1/p" 1(p-1)= waxf,xodm =co.
Now for 1 <I<n,

= pl—l(p - l)wax,fx,dm

2 ©o
p ) 1- p m,_, k§n my

oo () (-H6) ()

= p’/p" = pl—n.

For I1=n,

¢, =P '(p- l)wax,f Xp dm

#2-0((25) ne+ E )
~ros((75) (D) ()

=(@-2(p-1).
We have thus shown the following:

THEOREM 39. For n > 1,

2 _ l n—1 k—n _2
= ————— + +L .
" 1) PR e

4. A family of countable compact Ps-hypergroups. Motivated by the results
of §3, we will in this section show how to construct for any a, 0 <a <%, a
compact countable Ps-hypergroup. For p prime and a = 1/p the example
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agrees with the hypergroup Hy, constructed in §3.
Let a be such that 0 <a <% and define H, to be the compact space
Z:. Define the measure m on H, by

(1 —a)ak, k # o,
m(k) = o f = oo

For each n € Z_, define

0, k<n-1,
xu®) = {al@-1), k=n-1,
1, k=2n or k= oo,

For n, m € Z, with n+# m, define N(n, m) = 8(min(n, m)), and for n=m
let

0, t<n,
A, m)(E) = 11 “_2:, t=n,
a*, t=n+k>n.

THEOREM 4.1. The space H, (0 <a <¥%) is a compact Py-hypergroup
with characters {x,: 1 =0, 1, - '}, invariant measure m, and the trivial involu-
tion x' = x. Also

ProOF. That H, isa Ps-hypergroup is straightforward. The other compu--
tations are just like those in §3. O

REMARK 4.2. The compact Py-hypergroup H, (0 <a < %) has a neigh-
borhood basis of open subhypergroups at the identity e = oo; namely, the sets
{n: n=>m} L {o3} for each m € Z,, whose annihilators in H are Dos X15°* " Xom >+

5. Homomorphisms between hypergroups. In this section, a, b are such that
0<a, b<% and H,, H), are defined asin §4. The characters of H,, H,

will be denoted by x{®), x{®) respectively, I € Z,. The invariant measure on H,
H, will be denoted by m(@), m(®) respectively.
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DEFINITION 5.1. The space P(H,) is the collection of continuous functions
f on H, which can be expressed as a linear combination of the characters of H,
with summable positive coefficients. We call f € P(H,) a positive-definite func-
tion on H,.

Since H, and H, are both isomorphic to Z there exists a canonical map
from H, — H,. Let m be the induced map of C(H,) — C(H,).

THEOREM 5.2. Let 0<b <a <%. Then nP(H,) C P(H,).

PrOOF. For 1€Z, we will show that mx; {® e PH,). Write 7x(®) as
25-_0 x}“) The functions on Z which are constant on [/, e] are linear com-
binations of {x;: 0 <j </}. Consider

]
o = Co f]-[a x‘()a) x(()a)dm(“) = fHa(l-;o ¢ xid)> xodm(a)

b L]
b N1, g-1fa=b
-b_l(l a)a ' ta =a -5 =0.

Similarly for ¢; we have

(a) () _b (a) (@
c,fHax," X dm' = <b—l><a 1)"’:“ *Zm"

and so ¢; = (1 —a)/(1 —-b)>0.
For 1 <j<1I-1, we have

b = -b
cifﬂax](a) “)dm(“)=(-l;——> (@ + {: m@® =g ("_b>,

and so ¢;=(1-a)@@-b)a"' /(1 -b)>0. O

COROLLARY 53. For 0<b<a<¥% and 121,

i b) ye S 0-@-0d'7 o), (1-a) @
N (R R e (= N A (e L

Since ﬁa, ﬁb are both isomorphic to Z,, there exists a canonical map p:
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ﬁa —> H,. We wish to investigate when p extends to a positive map of
C(H,) — C(H}) (thatis, f> 0 implies pf >0).

THEOREM 5.4. For 0<b<a<'% and 1€ Z,, there exists u; € M,(H,)
such that X)) = [y xPdy, (n € 2,).

PrROOF. Put
8’+:.

(@) (1-a)@=5) s
6 +§1 (-5 &

Since lal <%, y, € M(H,). Since a >b, u; > 0. To see that u, €
M,(H,) consider

| s—1 —
= f, 1= t20e £ QS0E0m1 oy,
For n=1+1,
(1 -aa a agga b)
Ja XA =T ;1 n ¢
-_b _
Tbh-1 DO
For n<]|,
j;{axfla)d ‘; aZlL—TalK—a_b)—bla’_l_lr-xs’b)(&
For n>1+1,
. 1- B) p—a- — (1 —a)@=b)
S X0y = =g 5 “(il>+,_§., -5«
~(1-9@=b) n2_a a_\_
a-b) 2’<a—l+l—a)—o° =

COROLLARY 5.5. For 0 <b <a <%, the map p: H, — H, extends to
a positive map from C(H,) — C(H,).

PrROOF. Extend p to the linear span [H ] by o(CL,c; x(”)) =
i, ¢;px{® which is well defined since the characters are linearly 1ndependent
Since [H ] is dense in C(H,) we need only show that p: [H 1— [Hb]
is bounded and then extend by uniform continuity. Let f= Z lc,)(,(") €
[H L,f=0,and I€EZ, CH,; then
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PO = 5 coxf0 =2 o

=1

Also llpfl, < lfll,,and lpl<1. O

6. Partial summation kernels. In this section we retain the notation from
§84and 5. Let 0<a < and H, the associated compact Px-hypergroup iso-
morphic to Z:.

DEFINITION 6.1. For f€ C(H,), the Fourier series of f is given by

ffoxo + B Q-0 foxe,

where fn = [ufXndm, n €Z,. The partial summation kemel K, n € Z,, is
given by

n
K,=X * 2 a ’a)a"’x,-,
=1
and so [y K, dm =1 (the weights are the L2-norms of x; see Theorem 4.1).

THEOREM 6.2. Let m, n € Z_; then

0, m<n,
Ky(m) =

a”, m>=n

ProoF. For m > n,
n - n ry
K, (m) = xo(m) + 3 (1 —a)ax;(m) = 1 + 3 (1 —a)a™ =a™".
j=1 =1
For 0 <m<n,

K,m=1+ i A-a)a’+Q -a)a™Va/@a-1)
=1

=1-(1-1/a)y" —a™ =0.
Finally,

K,0=1+(1-a)a'x,0) =1+ (1 -a)a 'a/@-1)=0. O
THEOREM 6.3. Let f € C(H,); then K, * f > f uniformly as n — .

PROOF. Let € > 0. Since the map x > R(x)f is uniformly continuous
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[1, Theorem 1.10], there exists a neighborhood V of e = o such that for y €
V, IR(y)f - fll., <e. By Theorem 6.2, there exists N such that, for n >N,
sptK, C V. By [1, Proposition 3.4], for x € H,

K, +16) = [, RGFGIK,0)dm();
but y=y' in H, and R(x)f) = R()f(x). Thus

1Ky *6) = )1 = | [, RO = FEDKp)Im()
<IRG)f-fl, <e. O

DEFINITION 6.4. For r with 0 <r <1, we define the Poisson sum P, by

P =x,+ P! -a)a~"r"x,,
n=1
a pointwise finite sum.

THEOREM 6.5. For r with 0<r<1, P,0)=1-r;and for k € Z,,

omoeal )

PROOF.P(0) =1+ (1 —a)a 'rx;0)=1+(1 —a)a ‘ra/@-1)=1-r.

For k€Z,,
Po=1+0-9,,0-9:, ,(1-2i (1-0) t+_a
a a® ak a"'” @-1)

rk+t (r/a) — (rla)**?
=1- +(1 - I
(-a) 1-rla

= (_-_al k+1 -k
1- a" (r-r )

= (@ —n)(a —ar + @ *r¥*2 — gkpkt1)

LL(a a k= iL—)-(l - (la)®)

@-r
1 _ 1 =(la)*
=(1 ')l—r/a >0. O

REMARK 6.6. Note, for 0 <r <1, that P, >0, fyP,dm =1 and, for any
neighborhood ¥V of = € H,

sup {|P,(K); k&€ V} —0'as r — 1.
By a standard argument, P, * f — f uniformly as r — 1 (f € C(H)).
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CHAPTER II

7. Characterizations of F"l”(ﬁ). We keep the notation developed in §4.
Let a be such that
0<a<#h, H=Z,, m@E)=(Q-a)d* kEZ,), m=)=0,
and
0, k<n-1,

X,(k)={al@-1), k=n-1, n kE€Z).

1: k>n,

DEFINITION 7.1. Let p 2 1. For a function f on H define

o 1/p
Ilﬂlp =< Z fP —a)a") ,
0

k=

and LP(H, dm) to be the space of all functions f with Ilfllp < oo,
DEFINITION 7.2. For k € Z,, define

1, k=0,
c(k) = e(xy) =
(1 -a)a*, k>1
(recall Theorem 4.1).
DEFINITION 7.3. Let p = 1. For a function f on ﬁ, define

o 1/p
Il = (k};o )P C(x,‘)) ,

and P(H) to be the space of such functions f with llfllp < oo,
Note that P (ﬁ) C co(ﬁ). )
DEFINITION 7.4. For f€ L'(H), define f € co(H) by f(n) =f, =
Sufx,dm. The map f > f is denoted by F.

DEFINITION 7.5. For f€I'(d) define the function F~!f € C(H) by
F7if= kz:o O ) F ) Xy

The space F~1I'(H) is denoted by A(H). For 1 <p <2, define F~'P(#) to
be the subspace of L!(H) of those functions f such that Ff € IP(H).

REMARK 7.6. For p a prime and A, the space of p-adic integers, let
G, = {x€4,:x,=0 for 0<I<n}. René Spector [5] defined a function
f on Ap to be radial if it is constant on each subset of Ap of the form
G,\G 41, called a corona. The space of continuous radial functions on A, is
isomorphic to C(H) (with @ = 1/p). Spector has defined and characterized the
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Fourier transforms of radial functions on Ap. We will now: state the analogous
results for hypergroups. The reader is referred to Spector [5] for the unfortu-
nately tedious proofs. We will however give straightforward proofsin §9 for
the case p=1.

PROPOSITION 7.7. Let f € L (H); then f(n + 1) — f(n) =
T = Fora), n€Z,,and f0)=fy - f.

PrOOF (See Spector [S, p. 64]). For n >0,
j;+l=ij;th+ﬁbn
= f()@/a - 1)1 - a)a" + Z J®a*t ~a)

= —f(n)a"*! + > f(k)a"(l - a).

k=n+1
Similarly,
foan = —fn+ 1)a"*? + Z f()a*(1 - a).

k=n+2

Subtracting yields
Frurr = Fosz = =)™ + fln + D@1 (1 - a) +a™*?)

=a"(fr + 1) - f@). O

THEOREM 7.8. For 1 <p <2, and f€ L'(H), f€ F~'P(H) if and only
if Zpo f(K) — fk — 1)IPa*P~1) < oo,

THEOREM 79. For 1<p <2 and fEL'(H), f€ F'P(H) implies
Zre o @* PV If(k)IP < oo. The converse holds for 1 <p < 2.

REMARK 7.10. Let f be a function on H with either

Y k) -k - DIPFP DV <o (1<p<2),
k=1

or
2 IfRIPFPD <0 (1<p<2).
k=0

Then f € L'(H). To see this, note that these two conditions both define norms
on the trigonometric polynomials which are equivalent to the norm given from
lp(f!); and that the trigonometric polynomials are dense in /P(4) as well as the
weighted LP-space of functions defined by these two conditions.
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8. Characterizations of FLP(H). The space H = Z, isa *hypergroup with
the invariant measure being ¢ (Definition 7.2) and conjugation being the involu-
tion. Using Proposition 7.7, we now characterize FLP(H) (1 <p <2).

For f€ FLP(H),let f€ LP(H) be the unique function with F(f) =f.

THEOREM 8.1. For 1 <p <2 and f€ FL'(H), f € FLP(H) if and only
if Zpooa *PVIfK) - fk +1)IP < oo,

THEOREM 8.2. For 1 <p <2 and fE€ FL'(H), f€ FLP(H) implies
Tr_ 0@ FCV|f(k)P < oo, The converse holds for 1 <p <2.

REMARK 8.3. Let f be a function on A with f(k) — 0 as k —  and
either

i If(k) = f(k = 1)IPa*C1) < 0 (1<p<2),
k=1

or

k;o [f®)IPa~*P1) < (1<p<2).

Then f€ FLY(H). To see this, note that these two conditions both define norms
on the trigonometric polynomials which are equivalent to the norms given from
LP(H); and that the trigonometric polynomials are dense in LP(H) as well as

the weighted LP-space of functions vanishing atinfinity defined by these two con-
ditions.

9. A characterization of FL!(H). In this section we give a short proof of
Theorem 8.1 for the case p = 1.

DEFINITION 9.1. For f a function on H = Z, (0<a<¥),define
Ifl,, = Zg=¢ If(&) = f(k + 1)I. The space bvo(H) is the collection of all f
such that Ifll, ) <o and which vanish at infinity.

LEMMA 9.2. Let p € M(H) (0 <a <¥%), then p{e} = lim,_, (k).

PROOF. Write p = p, +p, where p, € L1(H) and py = pl{s}. Then
since LYH)Y C co(H), (k) — 0 as k — . Also f,y(k) = p{es}, k>0. O

PROPOSITION 9.3. Let u € L'(H). Then Iill,, <((1 +a)/(1 —a))lul;
and thus FL(H) C buy(H).

PROOF. Let p € L'(H). Write u = Z7_ 0,8, lul= S0y, 1< oo.
Now
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“ﬁnbv =‘ Z “nsn
n=0

bv
< lulisup {|I3n||bu: n€Zz}<lul +2/(1 -a))

since
0, k>n+l,
3"(k) = fx,‘d6(n) =x(m)=lall@a-1), k=n+1,
1, k<n+l1l. O

THEOREM 9.4. FL'(H) = bug(H) (0 <a <%). Also for f € L'(H),
IFly, < I,

PROOF. Let g € buy(A). Define g, € buy(d) (k €Z,) by

1, if 1<k,
g-k(l)=
0, if I>k.

Write g = Zp_q ¢, 8 Where ¢y =0, ¢, =g(n) —g(n + 1), gn) = Z_ ¢y,
and Zyp_q legl = lgly, <oo.

To show g € L!(H)" it suffices to show that F~!g, € L1(H) and
IFlgl, <1, keZ,.

For this result, recall the definition of the partial summation kernel K,
from §6: K, = xo + 2L, (1 -a)a”x;. Thus K, = 24 c(X;)8, X and 5o
K, = g,; equivalently F~'g, = K, € L'(H). Also recall [zK,dm = 1. Hence

IF-1gl, <“F-1 Y gl < T el = lghy,. O
k=0 k=0

CHAPTER 11

10. Banach algebra considerations. Let 0 <a <% and H = Z: be as in
Chapter II. The Fourier algebra A(H) of H by Theorem 7.8 is the same as the
space BV(H) of functions of bounded variation on H. Thus we have:

THEOREM 10.1. The Fourier algebra A(H) of H (0 <a <'%) is a regular
Banach algebra with H as its maximal ideal space.

Since M(H)= L'(H) ® C by the decomposition p = MIH\ {oo} + pl{oo},
we have:

THEOREM 10.2. The maximal ideal space of M(H) 0 <a <%) is HU
{Xw} where Xx.(u) = p{=}.
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DEFINITION 10.3. A set E C H is called a Helson set if E is closed and
AH)E = C(E). Aset ECH is called a Sidon set if FL!'(H)IE = ¢ (E).
Using Theorem 7.8 and Theorem 9.4 we have:

THEOREM 10.4. The Helson (Sidon) sets of H (1?) are the finite subsets of
H (H) respectively.

DEFINITION 10.5. A subset E C H is said to be a set of spectral synthesis
for A(H) if given €>0 and fE€E A(H) with f=0 on E, there exists g €
AH) with If — gl ;ry<e and g =0 on a neighborhood of E.

Once again since A(H) = BV(H), we have:

THEOREM 10.6. Every subset E of H is a set of spectral synthesis for
A(H).

DEFINITION 10.7. A function f on C is said to be Lipschitz provided
) —fO)I<Iilkk -yl 1< (x,y €C). A function g on C is said to oper-
ate on A(H) provided given f € A(H) (with f(H) C domain g), then g° f€
A(H).

THEOREM 10.8. The functions which operate on A(H) (0 <a < %) are
the Lipschitz functions.
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